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I. INTRODUCTION
One of the ultimate goals of nondestructive evaluation of materials is being able to detect the onset and extent of damage caused by plastic deformation or fatigue. Nonlinear ultrasonics is a technique that is being studied as a promising candidate. Nonlinear ultrasonics was originally used to investigate samples that had undergone a uniaxial deformation, 1 but it has more recently gained attention as a potential way to monitor fatigue damage in situ. 2, 3 A major shortcoming of traditional fatigue damage detection techniques is that they are only able to detect macroscopic cracks. In the high-cycle fatigue regime, the vast majority of a metal's life is prior to the emergence of macrocracks. 4 However, the acoustic nonlinearity parameter b has been found to grow in magnitude (by two to four fold) with the number of load cycles in single and polycrystalline metals starting from the early stages of fatigue. 5, 6 Thus, nonlinear ultrasonics can potentially monitor the entire fatigue life. Unfortunately, the detailed mechanisms giving rise to the increase of b are not well understood. The anharmonicity of the crystal lattice creates nonlinearities, but its contribution to b remains constant over the range of deformation of interest. The primary contribution to the increase of b is commonly associated the interaction of the ultrasonic waves with dislocations. Throughout the fatigue life, the dislocation density increases substantially and the dislocations spontaneously arrange themselves in various patterns such as veins and persistent slip-bands. 4 Existing analytical models for dislocation contributions to b include a dislocation segment bowing between pinning points in its glide plane and the oscillation of two straight dislocations in a dipole. 5, 7, 8 The relative weights of these two dislocation effects have not been conclusively determined, but they have already served as the foundation of more advanced models. [9] [10] [11] To date, little had been done to validate these models beyond tenuous links to experiments on bulk specimens. We have recently performed dislocation dynamics (DD) simulations that revealed the shortcomings of the existing model of a bowing dislocation and proposed an improved analytical model that accounts for an orientation-dependent dislocation line energy. 7 DD simulations can reproduce the exact scenario predicted by the improved analytical models. In addition, DD simulations are capable of modeling complex dislocation structures that are beyond the reach of analytical models.
In this paper, a new analytical model of the acoustic nonlinearity for edge-dislocation dipoles is presented. Understanding how dipoles affect b is important, because dipoles are the building block of numerous fatigue microstructures and edge dislocations are the most prevalent in fatigued face-centered cubic (FCC) crystals. The method is extended to include the interactions between dipoles in oneand two-dimensional periodic structures shown in Figs. 1(a) and 1(b). The proposed models are compared with the existing models and 2D DD simulations. DD simulations are then used to predict b for finite sections of the Taylor lattice.
II. ISOLATED DISLOCATION DIPOLE

A. Analytic derivation
The model of the acoustic nonlinearity for an isolated edge dislocation dipole is developed using two infinitelylong edge dislocations gliding in the x-direction as shown in Fig. 2 . The glide force per unit length on dislocation 2 at (x, h) due to dislocation 1 with opposite Burgers vector and fixed at the origin is 12 
F ¼ Àlb
where b is the magnitude of the Burgers vector, l is the shear modulus, and is the Poisson's ratio. b is defined as positive when the direction of the Burgers vector for dislocation 1 is in the positive x-direction. Taking a Taylor series expansion of Eq. (1) about x ¼ h, the stable-equilibrium point under zero applied stress, and substituting n ¼ x À h to measure displacement of dislocation 2 from the equilibrium point yields
The dipole-interaction force required to balance an applied stress r is
where R is an orientation factor between the applied stress and the resolved shear stress on the glide plane of the dislocations. The strain created by the dipole can be expressed in terms of the dislocation displacement n as dis ¼ ÀðnbKÞX;
where K is the dislocation dipole density, and X is an orientation factor between the applied and the measured strain component. Here we have assumed that the crystal contains a very low density of dislocation dipoles, so that the interaction between dipoles becomes negligible. Eqs. (2)- (4) provide a relationship between dis and the applied stress r. Given these expressions, b can be obtained using a similar approach as that employed in our previous work, 7 that is from the second derivative of dis with respect to r. The dislocation contribution to the acoustic nonlinearity is found to be
the details of the derivation are deferred to the Appendix. To aid in analysis, Eq. (5) can be expressed in non-dimensional form as
where (Kb 2 ), h/b, and r/l are non-dimensional measures of density, glide plane separation, and stress, respectively. Equation (6) can be used to provide an order of magnitude estimate of the dislocation dipole's contribution to acoustic nonlinearity 5 if the dipole density K and dislocation spacing h can be estimated from existing transmission electron microscopy studies. 4 b dis consists of a term independent of applied stress and one that has a linear dependence. The term independent of applied stress in Eq. (6) is identical to the results of Cantrell and Yost, 5 but the linear dependence on stress was missing in the previous expression. 5 This was because in the earlier analysis the Taylor expansions in terms of stress and strain were not carried to sufficiently high order. The mathematics in the approach taken by Cantrell and Yost 5 was very complex, because it started by considering the dynamic wave propagation and only took the quasi-static approximation near the end. In our approach, we take the quasi-static approximation from the very beginning, which greatly simplifies the math and allows us to carry the analysis to much higher order.
B. Numerical simulations
Two-dimensional dislocation dynamics simulations were performed to verify the significance of the newly introduced linear stress dependence and the correctness of the analytical prediction. A series of simulations were performed for the dislocation structure given in Fig. 2 using DDLab2D, a twodimensional MATLAB DD code developed by the authors. The stress field of the dislocation was assumed to be that of an infinitely-long, perfect edge dislocation. To reduce the complexity of the simulations, the applied stress was chosen to act directly on the slip system of the dipole and the strain was measured along the slip direction. Therefore, X and R are both unity and Eq. (6) reduces to
This is the result that will be compared with the DD simulations. Equation (A6) shows that b dis can be calculated in the simulations by taking derivatives of the dislocation strain with respect to stress about the equilibrium stress r:
where again, the dislocation contribution @ dis /@r to @/@r is negligible. This assumption has been numerically verified, but the analysis is omitted here. A series of constant-stress simulations were performed to determine the equilibrium dislocation strain
2 was then found using a central difference scheme.
The analytical model was compared with the DD simulations of a dipole with h/b ¼ 10 in an isotropic material with a Poisson's ratio of 0.40. Interactions with other dipoles were ignored. For this configuration, it can be shown from Eq. (1) and Eq. (3) that the critical stress to break the dipole is r/l % 6.63 Â 10
À3
. The numerical calculations for b dis are compared with the proposed analytical model and that of Yost and Cantrell 5 in Fig. 3 . The DD data show a strong dependence on the applied stress r. For r > 2 Â 10 À3 l, b dis changes sign, which has not been captured by previous models. This supports the importance of the term with a linear dependence on r in the proposed model. The new model agrees well with the DD data for small applied stresses. At higher stresses, b dis deviates from linearity and tends to infinity as r approaches the critical stress to dissolve the dipole. From Eq. (1), it can be seen that small changes in displacement near the critical distances of x ¼ (1 6 ffiffi ffi 2 p )h result in large changes of the interaction forces between the dislocations. Fortunately, the majority of the dipoles in a relaxed microstructure are likely to be acted on by residual stresses well below the dissolution stress. It should also be noted that the b dis is asymmetric about the vertical axis (r ¼ 0), as one would expect from the asymmetric structure of an edge-dislocation dipole.
III. INFINITE DIPOLE TRAIN A. Analytic derivation
To better approximate realistic dislocation structures it is necessary to consider the interaction of dislocations in multipolar structures. The simplest stable case to consider is that of the infinite dipole train shown in Fig. 1(a) . Although stable in the infinite limit (i.e., under periodic boundary condition (PBC)), a finite dipole train's stability depends on its end conditions. It is easy to verify by symmetry that the relaxed spacing between neighboring dislocations is exactly that of an isolated dipole; each dislocation is separated from it is nearest neighbors by a distance h in the glide plane and h normal to the glide plane. It is also evident that dislocations with the same Burgers vector will have identical displacements, n/2, due to an applied stress below the critical stress to dissolve the structure. Likewise, dislocations of the opposite Burgers vector will displace by Àn/2.
These homogeneous displacements allow b to be calculated by considering the nonlinearities that arise from a single dislocation of Burgers vector b interacting with every dislocation of opposite sign, as shown in Fig. 4 . The b calculated for this structure is that of the entire dipole train if the dislocation dipole density K is taken to be
where d is the distance normal to the glide plane between neighboring trains. Here we assume that d is large enough for the interactions between dipole trains to be negligible. Unfortunately, b cannot be directly calculated by summing the contribution from each dislocation pair in the dipole train, because it is evident in Eq. (A6) that b total does not satisfy linear superposition. However, the stress and strain fields of these dislocations can be summed to calculate the acoustic nonlinearity of the entire structure. As with the isolated dislocation model, a stress r is applied and resulting strain is calculated for the entire structure. The forces to counteract the applied load are found by considering the stress fields created by individual dislocations. Performing this sum numerically requires an infinite summation that must be truncated. Fortunately, the analytical solution of the stress fields created by tilt grain boundaries can be used instead. 12 The stress field of the infinite wall in Fig. 4 
where
with X ¼ x=2h and Y ¼ y=2h. Because the height of the dipole train is always y ¼ h, Y can be simplified to 1/2. Using the technique for the isolated dipole in the Appendix, a Taylor series expansion of the stress is
where the constants c 1 and c 2 are
The acoustic nonlinearity from both the lattice and dislocations, b total , can then be found to be
If the dislocation density is assumed to be sufficiently small, it can again be verified that
By removing the lattice contribution and simplifying, the dislocation contribution in nondimensional form is
Equation (17) reveals that b dis has a linear stress dependence for both the isolated dipole and the the train, but the train lacks a stress independent term. The absence of this term is a result of the symmetry of the train. The proposed b dis contradicts the model of Cantrell and Yost 5 , which claims that b dis of dipole patterns is a multiple of stressindependent contributions from isolated dipoles.
B. Numerical results
Numerical simulations of the dipole train were performed using the technique and material properties described in Sec. II B. A dipole was modeled in a domain of width 2 h in the glide plane. An infinite train was simulated by using a PBC along the direction of the train, similar to the schematic in Fig. 1(a) . The simulation results are plotted over a range of applied stresses in Fig. 5 . The numerical results agree closely with the proposed analytical model. b dis is found to be zero under no applied stress in the DD simulations, which supports the models prediction that there is no stress independent term for the train. A lack of a stress independent b is an important difference between the train and the isolated dipole. Another difference is that the data for the train are antisymmetric about zero applied stress, that is b dis ðÀrÞ ¼ Àb dis ðrÞ:
(18) Figure 3 shows that this is not the case for the isolated dipole, even if the offset at zero stress is removed. This further illustrates the importance of the symmetry of the dislocation structure.
IV. INFINITE TWO-DIMENSIONAL LATTICE
A. Analytic derivation
The interaction of dipoles can be further extended to two dimensions by considering the infinite lattice in Fig. 1(b) . This 2D structure is stable in the infinite limit (i.e., under PBC), but the stability of finite 2D structures (see Sec. V) depends on the shape of the structure. 13 It is again easy to verify from symmetry that the relaxed spacing between neighboring dislocations is h in both the glide plane and the normal direction. Similar to the train, the displacement of dislocations is identical for all dislocations with the same Burgers vector. Thus, b dis can again be calculated by considering the interaction of a single dislocation with all others of opposite sign, as shown in Fig. 6 . Again, the b of individual pairs of dislocations cannot be summed; the stress and strain fields of the entire structure must be calculated, instead. Unfortunately, there is not an existing analytical stress field for this structure. The solution can be obtained by an analytic sum over one dimension and numerical summation over the other dimension.
The stress field of a dislocation wall given in Eq. (10) will again be used, but now Y will vary based on the distance normal to the glide plane between the dislocation at the origin and the given wall. From Fig. 6 can see that
where i is the pair number, as shown in Fig. 6 , and the sign depends on if the dislocation at the origin is above or below the given wall. Similar to the dipole train, the stress field for each dislocation wall can be expressed as a Taylor series expansion about x ¼ 0. The stress fields can then be summed and solved using the same technique. While the dislocation density within a Taylor lattice considered here is very high, we assume that such a lattice still occupies only a small region of a real crystal, as would be the case for fatigue veins. Hence, the overall density K is much smaller than 1/(2h As with the dipole train, the symmetry of the 2D dislocation lattice causes there to be no stress independent contribution to the acoustic nonlinearity. This is again in disagreement with the Cantrell and Yost model 5 that predicts b dis to be independent of applied stress and a multiple of their isolated dipole model. Another important observation is that the coefficient c 2 /c 4 1 for the 2D lattice is about ten times than smaller that of the 1D train. Thus, how dislocations pattern themselves, for example, the emergence of persistent slip bands from fatigue veins, can drastically affect the acoustic nonlinearity.
B. Numerical simulations
Only minor modifications to the dipole train simulations had to be made to model the 2D dislocation lattice. A single dipole was again modeled, but a square domain of size 2 h with periodic boundary conditions in both directions was used, as illustrated in Fig. 1(b) . DDLab2D computes the stress field of a dislocation in 2D periodic domain using the same technique employed in the analytical model-a finite summation of pairs of dipole walls. The summation was truncated after 20 pairs. For the assumption in Eq. (16) to be valid, the dislocation density in the crystal was assumed to be much smaller than the actual density in the simulation domain.
The simulation results are plotted over a range of applied stresses in Fig. 7 . There is a strong agreement with the proposed analytical model and b dis lacks a stress independent term. Similar to the dipole train, the numerical data are antisymmetric about zero applied stress for the 2D lattice. 
V. FINITE TWO-DIMENSIONAL LATTICES
The previous sections have highlighted how the acoustic nonlinearity is affected by the interactions between dipoles. Considering finite dipolar structures in Fig. 8 is a natural extension of this study. The diamond structure in Fig. 8(a) is a commonly used approximation of a fatigue vein. 4 The zigzag structure in Fig. 8(d) is elongated along the y-axis and might be used to approximate the structure within a persistent slip band. All three arrangements considered are extracted from the infinite Taylor lattice. Each one is composed solely of elementary quadrupoles, and thus satisfies Neumann's stability condition. 14 The contribution to b from dislocations on the boundary of the lattices may be significantly different than those in the interior and could lead to a size dependence. Unfortunately, deriving analytical models using the presented techniques is unfeasible, because it would require considering the interactions of every pair of dislocations in every configuration. However, b can still be easily calculated using DD simulations.
The dependence of b on applied stress over a variety of structure sizes are plotted in the second column of Fig. 8 for all three shapes. To account for the varying structure size, the non-dimensional acoustic nonlinearity is redefined as
where n is the number of dislocations in each structure and the density k is held constant. The curves are qualitatively similar to those in the previous sections. Once again, all of these structures have no acoustic nonlinearity at zero applied stress. All three shapes exhibit a size dependence, but to varying degrees. The slope of the curves about zero applied stress,
is plotted against n in the third column of Fig. 8 to better quantify the effect. Each shape is shown to have a welldefined scaling with a power of n. If there were no size effect, the normalized slope would be independent of n, i.e., n 0 scaling. The normalized slope of the diamond and zig-zag structure are shown to be proportional to n 1/2 and n 1 , respectively, while that of the slash actually decreases at a rate of n À1/8 . It should also be noted that the four dislocation structure for the diamond and slash are the same and have identical acoustic nonlinearity, as shown in Figs. 8(b) and 8(h) .
The reasons for the exact scaling exponent in each case are not clear. However, the general behavior is likely a result of how much the structure deforms as its breakdown stress is reached. Both the diamond and zig-zag structures undergo a large amount of deformation prior to failure. The relative displacement of the dislocations increases as the number of dislocations in the cluster increases. In the largest clusters, the quadrupole structures tend to decompose into dipole walls under as the stress approaches the breakdown stress. Both of these effects likely cause (@b/@r)/(nKb 2 ) to increase with increasing n. On the other hand, the quadrupoles in the slash structure remain intact under stress. The quadrupoles in the larger slashes appear to deform even less under stress, which may explain the decrease of (@b/@r)/(nKb 2 ) with increasing n.
VI. CONCLUSIONS
The analytical models presented in this paper offer an improvement over the existing model on acoustic nonlinearity b arising from dislocation dipoles and multipoles. Both the analytic models and DD simulations show a strong stress dependence of b. The inclusion of the stress dependence term also allows for the possibility of a decrease, or even a change of sign, of the dislocation contribution to b when an external stress is applied. A similar effect was recently discovered for a dislocation bowing between pinning points. 7 An important difference is that for the bowing dislocation this effect depends on the material's Poisson's ratio, whereas the effect considered here is relatively insensitive to the Poisson's ratio.
Furthermore, among the many structures considered here, only isolated dipoles have a non-zero b at zero stress. All other structures give zero b at zero stress. This difference between isolated dislocation dipoles and multipolar structures could be particularly important when considering the fatigue microstructures of veins and persistent slip-bands. Both our previous model for a pinned dislocation 7 and that presented here show a strong dependence on the applied stress r. Unfortunately, there have been few experiments to measure how b depends on the stress applied to the sample, with the exception of the work of Hikata et al. 1 The methods they used on uniaxially strained samples could be easily extended to single and polycrystalline samples at various stages of their fatigue life. We hope more experiments will be conducted in the future to measure the effect of externally applied stress on acoustic non-linearity. The comparison between experimental data and theoretical predictions is likely to lead to a better understanding of the fundamental mechanics of acoustic nonlinearity and possibly a method to extract more information about the types of dislocation patterning in the sample.
A major conclusion of this work is that b depends not only on the number of the dislocations, but also on how they are arranged spatially. DD simulations are particularly well suited for predicting the acoustic nonlinearity from large dislocation structures for which analytic solutions are difficult to find. Our longer term goal is to use 3-dimensional DD simulations to predict acoustic nonlinearity due to more realistic dislocation microstructures typically found in metals after uniaxial or cyclic plastic deformations.
